THE MEAN-SQUARE OF DIRICHLET L-FUNCTIONS 



J.B. CONREY 



1. Introduction 



In this note we find an asymptotic formula for the mean-square of primitive Dirichlet L-functions 
near 1/2: 

S q (a,f3):= £* L(l/2 + a, X )L(l/2 + P,x) 

X mod q 

where a and (3 are small complex numbers satisfying a,/3 <C 1/logg. 

Ingham [Ing] considered an analogous moment for the Riemann zeta-function on the critical line 
with small shifts. Paley [Pal] considered the moment above for Dirichlet L-functions. Heath-Brown 
[HB] has computed a similar moment, but for all characters modulo q, in the case that a = (3 = 0. 
His result is 

Theorem 1 (HB). There are constants C£ such that 

E iMiAx)i 2 = ^E^A) r ( fc )' 

X mod q k\q 

with 

2L-1 

T{k) = k log k + Ak + BVk + E c t k ~ e/2 + °( k ~ L ) 

e=o 

where 

T' 

A = 7-log8vr = 27-log27r+— (1/2) and B = 2((l/2) 2 ; 
L is any positive integer. 

Note that there are main terms of size /clog A; for all divisors k of q. By contrast, the conjectures 
of [CFKRS] predict a very specific main term, with a square root size error-term, for any family of 
L-functions. The recipe given in that paper leads to the prediction, for example, that 



£ L(l/2 + a, X )L(l/2 + Ax) 



X mod q 

x(-i)=i 



£M(C,(1 + a + 0) + X+(q, a, /%(! - a - /?)) + 0{q 1 / 2 ^). 
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Here X + is related to the factor from the functional equation given below in (|2. 14H . <p*{q)/2 + O(l) 
is the number of primitive even characters modulo q and 

«•>= t £=n(i -£)«•>■ 

(«,9)=1 

Theorem 5 proves that this prediction is correct. In particular, there are no terms between those of 
size 4>*(q) and the error-term of size q 1 l 2+€ in contrast to Heath-Brown's result. The point is that 
it is the primitive characters which form a family in the sense defined in [CFKRS], and the set of 
all characters does not. 

In the case that q is prime, the set of all characters consists of the primitive characters with just 
one additional non-primitive character, namely the trivial character. In this case, Heath-Brown's 
result gives an asymptotic series in powers of q~ x l 2 for the above sum. An interesting feature is that 
there is a main-term of size q 1 l 2+t . Such a main-term could never be obtained from the random 
matrix considerations in [CFKRS]. We find that this term of size q 1 ^ 2 is present for composite q as 
well; see the statement of Theorem 5. 

Heath-Brown compares the behavior of the mean-square over all L-functions with that of the 
Riemann zeta function. He remarks that the above sum is more like the smoothly weighted 

POO 

/ \((l/2 + lt )\ 2 e- 5t dt, 
Jo 

for which one obtains an asymptotic series in powers of S, than it is like 

f \((l/2 + it)\ 2 dt 
Jo 

for which one expects an error term of size T 1 / 4+<E . In this note we find that upon considering all q 
that the behavior does in fact have elements in common with the second mean-value. In particular, 
for certain q, namely q = P1P2 with p\ and p2 primes near the square-root of q, we obtain a formula 
with an error term of size g 1//4 . For other q, the error term can be slightly larger; see Corollary 6. 
Finally, we develop an asymptotic formula for 

S(p,h):= \L(l/2, X )\\(h) 

X mod p 

in the case that both h and p are primes with < h < p; see Theorem 10. This formula is more 
accurate than in any previous work; also, it reveals a connection with S(h, —p). 

The author would like to thank Matthew Young for helpful conversations about this work. 

2. Initial considerations 

Our treatment at the start closely follows the analysis of [HB]. It is convenient to split our sum 

into a sum over even characters and a sum over odd characters. To this end let 

* 

S+(s,a,/3) := ^ L(s + - s + (3,x) 

X mod q 

x(-i)=i 

where the sum is over primitive characters modulo q. Then we wish to evaluate 5^(1/2, a, (3). We 
assume that q > 1 so that Sg(s,a,(3) is an entire function of s. Initially, we regard s as a complex 
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number with SKs > 2; the formula we eventually develop will hold for arbitrary s whereupon we 
will we take s = 1/2. Note, for future reference, that 

S+(l-s,a,l3) = S+(s,0,a). 

Lemma 2 (Functional equation). If x is a primitive character modulo q, then 

L(l-s,x)=X(l-s,x)L(s, X ) 

where 

(2.1) X(l - s,x) = T(x)q s -\2ir)- s T(s)(e-^ + x(-l)e^). 

As usual, r denotes the Gauss sum 



T (x) = J2x(a)e(a/q) 



a=l 

where e(x) = e 2mx . Note that for even characters, the last factor is 2 cos §s and for odd characters 
it is — 2isin|s. Davenport [D] is a good reference for these facts. 
Applying this lemma, we find that S+(s,a,(3) = 

2r(s-/3)cosf(s-/3) ^* A ,o, ^ ^irmn.s+p 

X mod q a=l m,n=l 
x(-i)=i 



Lemma 3 (Orthogonality relation for primitive characters). If (mn,q) = 1, then 



Y X(m)x(n)= Y ^M?)- 



X mod q d\q 

d\m — n 



As a corollary, if (mn,q) = 1, then 



Y x{ m )x( n ) = \ Y ^M^)- 

X mod q d\q 
X(-1) = 1 d|m±n 

Here d \ m ± n means that we include terms for which either d \ (m — n) or d \ {m + n). 
Applying Lemma 2 leads to 

s :(s , a , 0) = ElJIzzMlJI ± « ( 2) 2> W *M E •»--" (?=)-* + ". 

^ a — 1 ^ cd=q mn=±a mod d ^ 

(a,q) — 1 (mn,q) — 1 

Now we obtain an analytic continuation for S q (s, a, (3). Let 

e s2 cos 7r(s + a) cos 7r(s — /?) 

F(s,a,P) = — . 

s cos tra cos 7rp 

Clearly, F is analytic everywhere apart from a simple pole at s = with residue 1. Moreover, 

F(s,a,f3) = -F(-s,(3,a). 
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Using this equation together with the functional equation for S and Cauchy's theorem, we obtain 
±- i J^F(s,a,P)S+(s + l/2,a,(3)ds = S+(l/2,a,/3) 

~f F(s,/3,a)S+(s + 1/2,(3, a) ds 
2m 7(2) 

In other words, 



where 

M(a,(3) = ^- [ F(s,a, (3)S + (s + 1/2, a, (3) ds. 

2m 7(2) 

To simplify the notation here let 

(2.2) K a ^{x) = -L / F(s,a,P)T(s + 1 - (3)cos %(s + ± - (3)x- s -^ +f} ds 

2m J ( 2 ) 2 

J(2) 



1(2) 

x f3-l/2 

(s)x s ds 



2m y (2 ) 
where 

v (\ e s " cos7r(s + a)cos7r(s-/3) 1 n 1 

K a ,{3{s) = — T(s + - - p) cos § (s + 5 - /?). 

s cos7ra cos7r/? 2 z z 

Note that K a p(s) has a simple pole at s = and no other poles. Hence, if x > 1, then by moving 
the path of integration to the right we find that K a a(x) <C x~ N for any N. If x < 1, then by 

moving the path to the left we see that K a ^(x) = T(l/2 - 0) cos § (§ - /3)x~^ +/3 + O(x^) for any 
iV: 



O^-^) ifx>l 

Integrating term-by-term 



(2.3) K a0 (x) = { i^ , 

,pv \ r(l/2-/3)cosf(i-/3)x-2+^ + 0(x JV ) ifs<l 



a — 1 cd=Q mn = ±a mod d 

(a.g) — 1 ' (mn,q) = l 

Bringing the sum over a to the inside gives: 



q t — / t — ✓ q ' <■ — ' q' 

cd=q (mn,cd) = l l<a<q,(a,q) = l 

a = ±mn mod d 



The sum over a may be evaluated by the following lemma. 
Lemma 4 (An exponential sum). Suppose that (r,d) = 1. If (c,d) = 1, then 



cd 



a — 1 
a = r mod d 
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where the Yl indicates that the sum is for (a, cd) = 1 and d is the inverse of d modulo c. If 
(c, d) > 1 then the above sum is 0. 

Proof. Write a = r + dx where x ranges from 1 to c. The sum in question is 

'Q t e(f). 

x=l 
(r + dx,cd) = l 

Since (r, d) = 1 the condition (r + dx, d) = 1 is automatically satisfied so that the condition on x 
simplifies to (r + dx,c) = 1. Suppose that (c, d) = 1. Then we can make the change of variable 
y = r + dx; this means that x = d(y — r). Then the sum in question can be written as 



W=l 
(W,c) = l 

The sum over y is a Ramanujan sum which evaluates to //(c) as desired. In the case that (c, d) = 
g > 1 we write c = gd and d = gd! . The coprimality condition on x then becomes {r+gd'x, gc') = 1. 
If this condition is satisfied for x = xo then it is also satisfied for x = xo + id for 1 < i < g. But 
this subsum over x = xo mod d is a geometric progression which sums to 0. The total sum is made 
up of a collection of such subsums and so it is equal to as well. □ 

Applying this lemma to M we find that 

M(a,(3) = - Y, Ac)m £ m * f>K a , p {——) ( e (— )+ e (^-)J 

(mn,q)=\ 1 \ J 

(c,d) — 1 

Now we introduce a parameter D and split M into two different sums according to whether 
d < D or d > D. Let M L (a,/3) denote the terms of M{a,j3) for which d < D and let Mu{a,j3) 
denote those terms with d > D. 

To estimate Ml we replace K by its Mellin transform and have 

(2.4)M L (a,/3) = - ^ 2 (c)<Kd)^r / (^) + 1/2; a, -/?; ^) efe 

^ cd=q,d<D ^ J ( 2 ) " ' 

(c,d)=l 



where 



(2.5) D q (s;a,(3;r/d) := £ m -^ n - s -/3 cos 2™ . 

(mn,q)=l 

Now we can write 

(2.6) D q (8,a,P;r/d) = -^ £ r(^)i(^(r) + ^(-r))L,(* + a, + /?, ^). 

^ ' V mod d 

The only terms with poles arise from ip = ipQ the principal character, for which we have L q (s, ipo) = 
C q (s) and T(ip ) = fx{d). 
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We move the path of integration in the s-integral to 5Rs = —1/2. In doing so, we cross poles at 
s = 1/2 — a, at s = 1/2 + (3 and at s = 0. Now, it can be shown that 



/oo 
\f(it)\\L(itM 2 dt^^c 
-oo 



ip mod c 

1 

for any smooth rapidly decaying function /. Since r(ip) <C d% , the integral on the new path is 
<C d?l 2 , and the error-term is 



« 1 £ 0(d)d 3 / 2 . 



cd — g, (c,d) — 1 
d<D 



In this way, we find that 



(2.8) M L (a,P) = - £ M »(c)^f^^(^(l/2-a)(f) 1 " a_/ 'c i (l-a- j 9) 



^ cd=q,d<D \y\ J "i \ 

(c,d) = l 

+^«,/j(l/2 - /3) (^) C,(l + « + /?) 
+2r(l/2 - /?) cos f(l/2 - 0) (^) 1/2 "^ I> 9 (l/2, a, -/?, c/d) 



^" cd=g,(c,d) = l ' 



The first two terms of the above can be estimated by r(q) <C Also, we see from (|2.6p that 



D g (l/2,a,-/3,c/d) = — r(^(c)L q (l/2 + a, ^)L q (l/2 - /?, 

^ ' V mod d 

Now we turn to Mjj. We have Mjj(a,(3) = 

- n\c)cj>{d) m P K a> p{—-) ) e (— )+ e (^) e (^) 



q 

cd — q 

(e,d)=l (mn,g)=l 
d>D 



Now, since (mnd,c) = 1, we can write e(—mnd/c) in terms of characters modulo c: 

e( ) = -— V T{^)ijj{-mnd). 

c <p{c) 



ip mod c 



Thus, we obtain 



ct *=9 ™ -0 mod c 

(c,d)=l 
d>D 



X 



il>(mn)m- a - f> K at() ( ) I e( ) + ^(-l)e( ) 



(mn,d) — 1 
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Now write 



e^K^x) = ±- | 2 JC^x-* ds 



where 

poo r j T 
.In -L 



Repeated integration by parts shows that the function J^ 1 e tx x s ^- has poles at s = 0, —1, —2, . . . 
Thus, by use of (|2.3p . we see that K a g(s) is analytic apart from simple poles at s = 1/2 — (3, —1/2- 



(3, -3/2 - p, .... Let r± (f) denote the residue at s = 1/2 - f3 - 1, for I = 0, 1, 2, . . . . Then, 



(2-9) r+^O) = =: r a>/3 = T(l/2 - 0) cos |(| - 0). 

It is easy to see that K,^ Js) decays rapidly in vertical strips which avoid the poles. (In general, if 
K{x) is infinitely differentiable and satisfies, for any n > and any fixed N > 0, 



(2.10) K^ n \x) = | 

where S n (x) = if n > and <5o(:c) is a nice smooth function, then 



8 n {x) + 0(x N ) if0<x<l 
0(x~ N ) if a: > 1 



if (s) = / if (x)x s — 
Jo a; 



satisfies 

(2.11) K(s) <^m a x\K (N \x)\\s\- N 

X 

as — > oo for any fixed TV > 0. The proof is as follows. If ?fts > then repeated integration by 
parts gives 

poo T s+n 

K{s) = (-1)" +1 / K^ n+l \x)- dx, 

Jo J s{s + l)...{s + n) 

the integrated terms vanishing at because of the x s+n factor; then (I2.1ip follows easily in this 
situation. Another formula for K(s) is obtained by replacing x by 1/x: 



poo 

K(s) = / K{l/x)x~ 
Jo 



, dx 
x 

we are still assuming that $ts > 0. If we integrate by parts, we have 



K(s) = Kil/x) — 
—s 



o s JQ 

2-8 



K'(l/x)x- 2 - s dx 
K'(l/x)x-' 2 - s dx; 

this formula is now valid for Ms > — 1. Repeatedly integrating by parts will lead us to (|2.1ip .) 
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We have 



(2.i2) Mu ( a ,p) = - y: £ -m(-d) 

cd =9 ^ ' ib mod c 

(c,d) = l 
d>D 

1 / E 



x ■ 

2vri 



(2) 

(mn,d) — 1 



The sum over m and n is 



^ ^ = L d (s, iP)L d {s + a + P,ip). 

m s n s 



(mn,d) — l 



When ip = tpQ is the principal character modulo c this sum has a pole at s = 1 and a pole at 
s = \ — a — j3 and no other singularities. If ip is not a principal character then the sum is entire. 

Let /C a)| a(s) = JC* o(s) + /C~a(s). We move the path of integration to the vertical line through 
0; in doing so we pass the poles at s = 1 and at s = 1 — a — j3 from the principal characters and 
also the pole at s = 1/2 — from /C aj( g(s). 

l 

Now, invoking (|2,7p . and since t(i/0 <C c2 , the integral on the new path is 



«^E^) c3/2 = v^E 



d3/2- 

cd=q d\q 
d>D d>D 



Thus, 



= j E ? ^(^(i)^c(i +a+ /3)n('-^)(i-^) 

(c,d)=l P ' 9 
d>Z5 

- a - /?)(^) 1 " a - /3 C(l - « - II (1 - ;) (1 - ^) 

p|<? 

+2r a ,^(c) E" ^(W(- rf )(^)^%(5-AV-)^(f + a,^>) 

i/> mod c 
d>ZJ 

We can simplify this expression a little by noting that 

« k ^ 9 k i k ^ 2 

(e,d)=l (c,d) = l (c,d) = l 

d>_D c <^ 
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Upon using Ilp^l ~~ Vp) = ^(l)/ 1 ! we see that the first main term of My is 

p\q 



1 cd- 

(c,d)=l 



+£„,„(! -a- ff^—fai - a - 0) J] (1 - jj^j)) + 0(<T W). 

pl<? 

Altogether now we have 
M(a,ffl = ^ E ^|(^(l)^C(l+« + ffln(l-3^) 

(c,d) — 1 

+/C Q ,,(1 - a - fl^) 1 — 'tfl - a - /3) J] (1 " ^)) 

cd=q ^ ' 

(c,d) = l,d>.D 

,2/ 



+2r -^(^) 1/2 ^ ^ ^1) TWMc)L q {l/2 + a,1,)L q {l/2 + M) 

y cd=g,d<D rV ' V, mod d 

(c,d)=l 



d|q d|q 
d<D d>D 



If we choose D = q 1 / 2 we see that the error-term is 0(g 1 / 4 r(g)). Actually, it is not hard to see that 
this O-term can also be written as 

0((1 + \{d:d\q and q 1 / 2 " <d< q 1/2+e }\) q 1/A ). 

Now to complete the argument we need to combine M{a,(5) and M(f3,a). We can accomplish 
this task by computing K, a ^(l) + /Cg ;Q ,(l) and K, a ^{l — a — (3) + /Cg jQ ,(l — a — (3). We have 

-JC a ^{l + 5) = / K a j3(x)x cosx dx 
2 ' Jo 

= / / F(s, a, l3)T(s + ± -13) cos %( s + l - /3) x - s - 2 + P ds x S cosx dx 

Jo 2m J(\) 

1 f f°° 1 

= — y i F(s,a,/3)r(s + i-/?)cosf(s + ±-/J)y x _s -2 + ^cosx da; 

= -L / F( S ,a,/3)r( S + I-/3)cosf( S + i-/3) 

xT(i - s + + <5) sin § (s + ± - (3 - 5) ds. 
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In both situations 5 = and 5 = —a — (3 it is easily checked that the integrand is odd with 
respect to the change (s,a,(3) — > (— s,(3, a). This means that 

is equal to the residue at s = of the integrand. Since the residue of F(s, a, (3) is 1, we have 
(2.13) /C Qi/3 (l + 5) + K p , a [\ + 8) = 2r(i - 0) cos f (± - (3)Y{\ + (3 + «J) sin § (± - - <5). 
When <5 = this is easily seen to be n. When 5 = —a — (3 this expression evaluates to 

2Y{\ - a)V{\ - (3) cos f (I - a) cos f (I - /J). 
Note that for an even character x 

X(l/2 + a, X )X(l/2 + Ax) = 4^^(|-) 1 - a - /3 r(I-a)r(I-/3)cosf(I-a)cosf(i-/3) 

= J (^) 1 " Q " /3r (l " «)r(* " /?) cos f(i - a) cos § (1 - /?) 
(2.14) =: X+(g,a,/3). 

As a final step, we prove that 

4>{q) 2 V- M<0 



(c,d)=l 1 

the number of primitive characters modulo q. Since both sides are multiplicative, it suffices to 
prove this identity for q = p r for a prime p and a positive integer r. If r = 1 then both sides are 
equal to 



p V (p-l)2 

If r > 1 then the left side is 



2. 



n2 ( n r _ n r-l\2 
) \P P ) r r, r-1 , r-2 

- = p — 2p +p 



and the right side is 



as desired. 

Thus, we have proven 



Hp r )-Hp r - 1 )=p r -2p r ~ 1 +p r ~' 
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Theorem 5. Let m = min{c, d} and M = max{c, d}. Then, for any parameter D. 
L(l/2 + a, X )L(l/2 + (3,x) 



X mod q 

x(-i)=i 



[q) (C,(l + a + (3) + X + (q, a, P)C q (l -a- 0)) 
a 0(c) *(m) ^ 

(c,d)=l 

r( l/2 - /3) cos § (i - /3) ( J-) + a, ^)L, (± - /?, V) 

+r(l/2 - a) cos f (I - a) (|-) - a, $)L q {\ + (3, 

d<D d>D 

Letting a and (3 — > 0, we have 
Corollary 6. W^i/t denoting the number of primitive characters modulo q, we have 

X mod 9 \ Pl<7 

x(-i)=i X 1 



y cd= 9 VV / J ; V mod min{c,4 

(c,d) = 1 



d|q d|q 
d<D d>_D 



for any D. With D = ^fq, the error term is 0(q l l A d(q)) where d denotes the divisor function. 

Remark 7. If we consider the mean square of odd primitive characters we get the same expression 
for the main-terms only with X + (q,a, (3) replaced by 

X-(q,a,P)=X(l/2 + a, X )X(l/2 + f3,x) 
where x is an °dd character; i.e. 

X~(q, a, (3) = 1( J-) 1 -"-^! - a)r(I - (3) sin § {\ - a) sin § {\ - 0). 

For comparison with [H-B], note that ^-(1/2) = —7 — log 4. Also, the result for odd characters 
has the same main-term except that the —ir/2 term appears with the opposite sign and so does 
not appear when the sum is over all primitive characters. The other change is that the sum over 
■ip mod min{c, d} is now a sum over the odd characters ip and it also has a factor of —i. 
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Explicitly, 



E* wvw - ^M+^^' + ^E^) 

x(-i)=-i 

E ^ r r 9 »-^f 

* C d=g V\ J Y\ J , mod c 

(c,d)=l 



E ^ E° 

y cd= q v'w , mod d 

(c,d)=l 



d|q d|q 
d<£> d>D 



for any D. 

For all characters, the result is 
Corollary 8. With (j>*(q) denoting the number of primitive characters modulo q, we have 



E Wl% X)! 2 = f^f-f log ± + 2 7 + £(1/2) + 2 £ J*E 

X mod g \ p\q 

^ E ^f^bil E .(♦Mfliwu+ww^fk) 1 

* c d=, ^ y J ; V mod min{c,cZ} 

(c,d) = l 



+o(i e + ^ E + ^ + <r^ 2 ) 



d|q d|<j 
d<C d>D 

where i(ip) = —i if ip is odd and is 1 if is even, and where D < y/q; also we have used the 
convention that 5p is 1 if P is true and if P is false. 

Remark 9. Note that if m is a prime, then the secondary main terms are of size 

a 1 / 2 

r m\ogm 



where r« is the least positive residue of M modulo m. For c < yfq, this is 

g l/2 

i^/clogc 



<f>{c)y/r^ 

3. Remarks on Heath-Brown's proof 

We show how to simplify the end of Heath-Brown's argument. Equation (12) of that paper gives 
that 



E i£(iAx)i 2 = ^E^/Wfc) 



q 

X mod q k\q 
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where 

n=l x y 

and 

K(x) = e ix - i7T/4 ■ — f F(s + l/2)e~ i7rs/2 F{s)x- s ds 

with F(s) = - — c ° s 7rs . Then K satisfies the conditions (|2.10j) . so that we may write 

T(k) = ^ K(s)((s + 1/2) 2 (A) 5+1/2 ds. 

By (j2,lip . we see that K(s) has poles at s = 0, —1, —2, . . . and is rapidly decaying in vertical strips 
as \$ss\ — > oo. The double pole at s = 1/2 from £(s + l/2) 2 leads to the first main terms of T(k) and 
the lower order terms come from the poles of K. We note that Heath-Brown records an asymptotic 
expansion in powers of k~ 1 / 2 whereas this argument shows that the expansion is actually in powers 
of Thus, the coefficients c n in Heath-Brown's theorem satisfy c n = if n is even. The residue 
of K(s) at s = is e _i7r//4 r(l/2) and the values of K(l) and K'(l) required for the first main terms 
can be ascertained as in (|2.13p . 



4. Twisting 

In this section we briefly show how we can combine the theorem of this paper and that of Heath- 
Brown to obtain a new result about twisting. Selberg [S] has shown that for positive integers h 
and k, coprime to each other and to q, and s = a + it and s' = a' + it' with < a, cr 1 < 1, 



and 



Y! L(s,x)L(s',x)x(h)x(k) = ^C(- + »0 

X mod q 



+ q sj^l k l-s^ ] T' l v{l ~ S)r(1 " S ' ] ^ " S ' K(2 " S ~ S>) 



+0 ( ^^.^ W- + *t~* + '))) ; 



^' L(s, X )L(s',x) X (h)x(-k) 

X mod 5 

0(g) 2 (2vr) s+s '- 1 



r(l - s)T(l - s') cos I (a + s')C(2 -s-s') 



+0 ( Tm lSS 'L n (<?W~ CT + kg 1 "*' + hkq 1 -*-*'))) ■ 

\aa'(l -<t)(1 -a') 'J 

here the sum is over all non-principal characters. 
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Iwaniec and Sarnak [IS] have shown, in very simple fashion, that 

E* w a x)?mm - L ^ + *, - § + >) + 2 E ^ 

X mod q H V \ DO 

x(-i)=i X m 

+0(f3(h,k)) 

where 

0(M) = ^ (hn 1 ±kn 2 ,q)\W(7rn 1 n 2 /q)\(n 1 n 2 )- 1 / 2 
hni^kn2 

with <C (1 + While they don't give a specific bound for (3(h, k), they observe that 

£ «r( (? )^M log 4 Mg. 

fe,fc<M 

This average bound cannot be obtained from Selberg's pointwise bound. 

It turns out that we can combine the theorem of this paper with that of Heath-Brown's paper 
to obtain some results along the lines of those of Selberg and of Iwaniec-Sarnak. Suppose, for 
simplicity, that p and ft are both primes, with h < p, and that we are interested in 

S(p,h):= \L(l/2,x)\x(h). 

X mod p 

Note that 

Sfah)= Y* \L(l/2,x)\xW)=S( P ,h) 

X mod p 

by replacing x by X- Thus, S(p, ft) is real. 
By Theorem 1, we have 

Si= £ W, x)l 2 = ^( W - r(p) - r(fc) + r(i)) 

X mod ph 

where, for certain constants q, 

L 

T(fc) = fc log fc + AA: + Bk 1/2 + ^ Qfe-^ 2 + 0(£T (L+1)/2 ). 

Thus, 

p p 

Si = phlogph — 2plogp — 2ft log ft — p log ft — ft log p + — logp + A(hp — 2p — 2ft + — ) 

(4.1) +By/p(Vh-l-l/Vh + l/h) + 2logp- l ^- + 0(Vh) 

p p 
= phlogph — 2plogp — 2ft log ft — plog ft — ft log p + — logp + A(hp — 2p — 2ft + — ) 

ft ft 



+B^{Vh - 1 - l/\/ft) + 0(\/ft + logp + Jp/h). 



THE MEAN-SQUARE OF DIRICHLET L-FUNCTIONS 

Now, in terms of primitive characters, we have 



Sx= J2 I L (V2,X)| 2 + E I L (1/2,X)| 2 

X mod ph x mod p 

+C(l/2) 2 (l-l/v^) 2 (l-l/ v ^) 2 . 
By Corollary 14.21 with ft < D < p, we have, 



1 



X(h) 



+ £ \L(l/2, X )f 

X mod h 



x(p) 



IMV2, X)| 2 = f bgpft + A + 2^ + 2 l0g h 



X mod p/i 

(4.2) 



+2 



0(pft) 



ph 

C 9 (l/2) 2 + 



p- 1 ft- 1 



(p/i)V2 

+o(Vft). 

The first term on the right of (|4.2j) is 



ij> mod h 



(>-3)(ft-3 + ^(logpft + A + 2^ + 2^ )+0(logft) 

log p log ft 



ft 



p ft - 3 + - logpft + A + 2^^ + 2 



P 



ft- 1 



-3 1 ft - 3 + - J log p - 3ft log ft - 3 Ah + 0(log ft) 

ftp log ftp — ft log p — p log ft — 3p log p — 3ft log h + A(hp — 3h — 3p + 2p/h) 

+2f logf + 0(logp) 
ft ft 



For i/> primitive modulo ft, the functional equation implies that 
r$)L(l/2,V0 = ft 1/2 L(l/2,?) 



— ^ J 1 if ?/> even 
i if -0 odd 

Hence, the second term on the right side of (14. 2D is equal to 

£?v^ (Vft - 2) + 2j^jS(h, -p) + 0(Vft + y/p/h). 
Using Theorem 1 we find that 



E I L (V2,X)P 

X mod p 



x(ft) 



Vft 



1 + ^ (plogp + pA - logp + ^VP) - 2 ^=^ + O(l) 



and 



E I L (V2,X)| S 

X mod h 



x(p) 



ftlogft + ft J 4 + 0(v / ft). 
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Thus, 

(4.3) Si = hplog hp — hlogp — plog h — 3plogp — 3/ilog h + A(hp — 3h — 3p + 2p/h) 

+2 | log f +B ^- 2)+2 ^ (f ,,- P )- 2 ^ 

+ ^1 + ^\ {plogp + pA + By/p) + h log h + hA + 0(Vh + logp + y/p/h). 

Combining (|4.ip and (|4.3p . we have 
Theorem 10. 

S(p, h) = ^Ls(h, -p) + ^= (log l + A) + + 0(h + logp + Vp/hlogp) 

uniformly for h < p. 

When h = 0(y/p) the second term on the right is the dominating one. However, for larger h, the 
first term is potentially larger; note that S(h, —p) can be as large as h\og h; in fact if —p = 1 mod h 
it will be this large; in this case, one has an asymptotic formula for S(p, h) for h all the way up to 
p. In any event, the theorem determines the asymptotic behavior of S(p,h) — y^p/hS(h, —p) for 
h as large as p 2 ^ 3 , and illustrates a kind of 'reciprocity formula' between S(h,p) and S(p, —h). It 
would be worth exploring such relationships further. 
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